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ABSTRACT

We propose a novel parametric approach which aims at the synthesis of anisotropic solid textures from the analysis
of a single 2D exemplar. This approach is an extension of the pyramidal scheme of Portilla and Simoncelli. It
proceeds in three main steps: first, a 2D analysis of the example is performed which produces a set of reference
statistics. Then, 3D reference statistics are inferred from the 2D ones thanks to specific anisotropy assumptions.
The final step aims at the synthesis itself: the 3D target statistics are imposed on a random 3D block according
to a specific multi resolution pyramidal scheme. The approach is applied to the synthesis of solid textures
representative of the structure of dense pre-graphitic carbons. The samples are lattice fringe images obtained by
high resolution transmission electronic microscopy (HRTEM). HRTEM samples with increasing structural order
are used for the experimental evaluation. The produced solid textures exhibit anisotropy properties similar
to those observed in the HRTEM samples. Such an approach can easily be extended to any 3D anisotropic
structures showing stacks of layers such as wood grain images, seismic data, etc.
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1. INTRODUCTION

For a couple of decades, the field of texture synthesis has been widely investigated in literature, mostly in 2D.
In particular, many methods have been proposed that aim at synthesizing a texture from an exemplar, with
applications to image compression, texture mapping or inpainting for instance. Most of them are multi-scale.
Parametric approaches aim at synthesizing textures that reproduce pixel statistics up to the second order, e.g.1,2

Non parametric methods, justified by a Markov assumption, are based on the sampling of the exemplar.3–6

Full 3D versions of such methods can be easily derived and could be used in practice provided that a 3D
sample is available to serve as an example. In contrast, the synthesis of 3D textures, i.e. solid textures, based
on 2D exemplars is more awkward. Existing approaches are mainly empirical extensions of non parametric
approaches.7–9 Others rely on a stereological modelling. For instance, by modelling the shape and the spatial
distribution of the particles observed on 2D images, Jagnow et al.10 achieve the synthesis of realistic 3D textures.

In this paper, we deal with the synthesis of anisotropic solid textures from a single 2D exemplar. In particular,
we focus on snapshots of dense carbons taken by high resolution transmission electronic microscopy (HRTEM).
Such data, samples of which are given in figure 1, are called lattice fringe images. They show locally periodic
patterns together with high and low frequency artefacts. Neither high frequency nor low frequency components
provide useful information about the atomic structure of the observed material. In order to ease image analysis,
such lattice fringe images are usually filtered. In particular, in this work, we used a band-pass filter which
performs a both radial and directional selection in the frequency domain.11 Other relevant filtering techniques
can be found in12,13 for instance. Filtered versions of the image samples are provided in figure 1. The near
periodic directional structure observed in such images is typical of three dimensional laminar arrangements.
Though already studied in 2D,11–15 such a structure cannot be investigated in 3D for many technical reasons
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Figure 1. Samples of lattice fringe images of dense pre-graphitic carbons with increasing anisotropy: HRTEM lattice fringe
images (a-c) and their filtered versions (d-f). Resolution is about 5× 10−11m per pixel. Sample sizes are 128× 128.

related to sample preparation and TEM technology. The only way to access the three dimensional structure is
to infer it from 2D by image synthesis.

Some of the non parametric techniques cited above, e.g. Refs 4, 6, can be adapted to the synthesis of such
textures but the sampling procedure or the nearest neighbour search they imply, time consuming in 2D, become
prohibitive in 3D. The stereological approach,10 though appealing, seems difficult to implement because of the
complexity of the observed structures.

In this paper, we propose an extension of the parametric approach of Portilla and Simoncelli.2 This extension
is based on an analysis/synthesis algorithm. The analysis step consists in computing 2D spatial statistics from
a reference image – i.e. the exemplar – decomposed at various scales and orientations. In the synthesis stage,
through an iterative and multiscale scheme, these statistics are imposed in 3D on the subbands of a random 3D
data block. 2D Statistics are inferred to 3D using the property of 3D anisotropy.

The paper is organized as follows. Section 2 makes a brief review of the 2D original method by Portilla
and Simoncelli, followed by a detailed presentation of the 3D extension we propose. In Sec. 3, both 2D and
3D synthesis results are provided together with additional anisotropy data meant to assess the quality of the
synthesis. Finally a few conclusions and prospects are made in section 4.

2. FROM PLANAR TO SOLID TEXTURE SYNTHESIS

2.1 The original 2D analysis/synthesis scheme

The analysis-synthesis scheme proposed by Portilla and Simoncelli2 is a multi-resolution approach based on the
steerable pyramid decomposition.

The analysis stage consists in the calculation of first and second order target statistics on the complex
subbands obtained by decomposition of the exemplar. The first order statistics are the mean, variance, skewness
and kurtosis of subbands coefficients. The second order statistics are the autocorrelation coefficients. Only a
limited number of lags are considered for the calculation of the autocorrelation coefficients. Inter-correlations
between subbands can also be considered though not useful in many cases.

The principle of the synthesis stage is to impose the target statistics - formerly deduced from the analysis
stage - on a random texture. Imposition is made through an iterative gradient descent scheme. It is shown2



Figure 2. Scheme of the 2D-3D analysis/synthesis algorithm

that this approach is able to produce various kinds of natural textures including stochastic and highly structured
textures. In section 3, we will show some synthesis results obtained on both raw and filtered HRTEM lattice
fringe images, proving the capabilities of the approach in 2D.

2.2 A novel 2D to 3D synthesis scheme

The direct 3D extension of Portilla and Simoncelli’s approach2 – i.e. synthesis of 3D textures from a 3D
exemplar – is quite straightforward provided that a 3D pyramidal decomposition is available. In such a case,
the 3D extension would be applicable if 3D exemplars were available e.g. by tomography or ultra-sounds. In the
case of dense carbons such as the ones we are interested in, 3D image samples of the material structure are very
difficult to obtain at the considered scale. Pure 3D extensions would thus be of little interest.

To give access to three dimensional representations of the material structure, a 2D-3D extension is necessary.
This is what the novel analysis/synthesis scheme we propose is intended for. It breaks down into three steps as
pictured in fig. 2:

(i) 2D analysis: decomposition of the HRTEM image sample into a set of multi-resolution subbands us-
ing the steerable pyramid decomposition; statistical analysis of the subbands; production of a pyramidal
collection of 2D statistics, i.e. mean, variance, skewness, kurtosis and autocorrelation coefficients.

(ii) 2D to 3D statistical inference: production of a pyramidal collection of 3D target statistics.



Figure 3. Image, Cartesian and spherical coordinate systems.

(iii) 3D image synthesis: a solid texture, initially random, is alternately decomposed using a 3D pyramidal
decomposition, modified to meet the 3D target statistics, reconstructed, re-decomposed, etc.

Step (i) is the analysis stage of Portilla ans Simoncelli’s approach.2 Our contribution concerns steps (ii) and (iii).
Step (ii) is the key step. Indeed, it is of primary importance to be able to infer the statistics of the solid texture
from those observed in 2D. The 3D pyramidal decomposition scheme must be chosen so that the imposition of
the target statistics – learnt from the 2D subbands – on the 3D subbands makes sense. It has thus to be adapted
to the laminar nature of the considered 3D textures.

2.2.1 2D-3D inference

First order statistics (mean, variance, skewness and kurtosis) are not concerned by 2D to 3D inference. As
they relate to the statistical distribution of subbands coefficients, these statistics are the same in 2D and in
3D. Intercorrelations between 3D subbands are also directly derived from intercorrelations between 2D subbands
provided that the 3D pyramidal decomposition is defined relevantly, see Sec. 2.2.2.

In contrast, 2D to 3D inference is required for second order statistics such as the autocorrelation coefficients.
Such statistics describe the dependence relationship between two pixels in a texture (respectively two voxels in a
solid texture). In the case of stationary textures, this relationship depends on the 2D spatial shift or lag between
the two pixels (respectively the 3D spatial shift between the two voxels).

In our case, the target 3D autocorrelation coefficients r3D(x, y, z) have to be deduced from the reference 2D
autocorrelation coefficients r2D(x, z). Such inference is possible under anisotropy properties only. In the case
of dense pre-graphitic carbons, texture anisotropy comes from the property of orthotropy. The latter can be
stated as follows: the structural – hence mechanical – properties of the material are the same whatever the
direction considered provided that it is orthogonal to the direction of orthotropy. Speaking of image analysis,
this comes down to considering that all 2D views containing the direction of orthotropy have the same statistical
properties. The direction of orthotropy is orthogonal to the anisotropic structures observed in 2D, i.e. the
vertical direction z (see Fig. 3). All image samples in Fig. 1 have been chosen so that the direction of orthotropy
is the vertical direction. Similar orthotropies can be observed in other types of textured images, for instance
wood grain textures or 3D seismic data.

Let (O, x, z) be the Cartesian coordinate system of the exemplar image. x and z refer to the horizontal
and vertical direction respectively. Let y be the normal to (O, x, z) so that the coordinate system (O, x, y, z) is
orthonormal. The 3D autocorrelation coefficients r3D(x, y, z) can be expressed from the 2D ones r2D(x, z), using
the spherical coordinates (ρ, θ, φ) in the output space and the polar coordinates (ρ, φ) in the input space

r3D(x, y, z) = rsph3D (ρ, θ, φ)

= rsph3D (ρ, 0, φ)

= rpol2D(ρ, φ)

= r2D(ρ cosφ, ρ sinφ). (1)



Figure 4. The 3D pyramidal decomposition.

In other words, 3D autocorrelation r3D can be deduced from r2D by interpolation.

2.2.2 3D pyramidal decomposition

Once inferred from 2D, the target statistics have to be imposed on a 3D random block through an ad hoc multi-
resolution framework. This framework must be based on a pyramidal decomposition adapted to the anisotropic
nature of the 3D textures addressed. Each 3D subband must relate to one specific 2D subband so that the
imposition of the autocorrelation coefficients of the 2D subband on the 3D subband makes sense.

Let F3D(ω) be the frequency response of any filter used in the 3D pyramidal decomposition (see figure 4)
to extract a specific subband: H3D

0 (ω), L3D
0 (ω), B3D

j (ω) or L3D(ω). ω denotes a 3D frequency, (ωx, ωy, ωz) its
expression in Cartesian coordinates and (ωρ, ωθ, ωφ) its expression in spherical coordinates. We have just seen
above that the 3D autocorrelation coefficients do not depend on θ. For the same reason, the 3D expressions of
the frequency filters used for the 3D multiscale decomposition must not depend on ωθ, i.e.:

F3D(ω) = F3D(ωx, ωy, ωz)

= F sph
3D (ωρ, ωθ, ωφ)

= F sph
3D (ωρ, 0, ωφ)

= F pol
2D (ωρ, ωφ)

= F2D(ωρ cosωφ, ωρ sinωφ) (2)

In other words, the 3D frequency filters can be deduced from the 2D frequency filters by interpolation. The
number of filters in 3D is the same as in 2D. Just like the 2D filters, the 3D filters are asymmetric so that they
produce complex subbands. The detailed expressions of the 2D filters can be found in the original article.2
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Figure 5. 2D synthesis results obtained using Portilla and Simoncellis method.2 The examplars are the 128× 128 samples
of figure 1. Output size is also 128× 128. Images synthesized from the original HRTEM images (first row), in particular
images b and c show some artefacts that disappear when using the filtered versions as examples (second row).

3. RESULTS

In this section we present synthesis results obtained from the samples of figure 1. Figure 5 shows six images
obtained from the raw HRTEM images (1a-1c) and from their filtered versions (1d-1f), using the original 2D
synthesis scheme.2

The quality of the synthetic images 5a-5c is quite persuasive. However, some artefacts appear especially on
textures 5b and 5c. This is due to the way the autocorrelation coefficients are estimated on the sample images.
Indeed, for computational complexity reasons, autocorrelations are estimated in the frequency domain using Fast
Fourier Transforms (complexity N logN) instead of being directly computed in the spatial domain (complexity
N2). When using Discrete Fourier Transforms, in particular the Fast Fourier Transform, it is assumed that
the image is circularly periodic, i.e. that there is continuity between the first and the last column, respectively
between the first and the last row of the image. Such continuities do not exist in practice. However, the
discontinuities are captured while estimating the autocorrelation and are propagated during the synthesis stage
yielding these specific artefacts.

When applying the band-pass filter (textures 1d-1f), not only the high and low frequency components are
remove, but the images are also made continuous i.e. circular. Border discontinuities are removed just like other
high frequency components. As a consequence, in the 2D textures synthesized from the filtered HRTEM images
(5d-5f), the above mentioned artefacts disappear.

The 3D synthesis scheme presented in section 2 has been applied on the three filtered images 1d-1f. The
steerable pyramid decomposition is performed with 3 levels and 4 orientations. Chosen target statistics are the
mean, variance, skewness, kurtosis and autocorrelation coefficients. Autocorrelation coefficients are taken on
7× 7 neighbourhoods. Results are given in Fig. 6 (3D views) and Fig. 7 (2D views).

The three solid textures produced seem to be free from circularity artefacts too, which confirms the results
obtained in 2D (see Fig. 5).

Together with the synthesis results, we provide in Fig. 8 the orientation fields computed on the original
images and on the 2D views of the synthetic solid textures. Finally, the histograms of the orientations are
provided in Fig. 9. Orientations were computed using a structure tensor of size 7× 7 (e.g. Ref. 16).
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Figure 6. 3D views of the solid textures synthesized from texture samples of figs 1d-1f . Output size is 128× 128× 128.

a b c

d e f

g h i

Figure 7. Specific 2D views of the synthetic solid textures: original image samples a-c, front views d-f and right views g-i.

As shown by these various results, textures 6a and 6b appear to be very similar to the original ones. Straight
and distorted pattern lengths and disorientations are close to the ones observed on the HRTEM samples. The
comparison of the orientation histograms of the original and synthetic textures show that the anisotropy prop-



erties are quite similar too.

However, in spite of the overall quality of the synthesis results, some high frequency oscillations remain.
Hardly visible in the less ordered 3D textures (figures 6a and 6b), they appear clearly in the most organized one
6c. These artefacts make texture 6c look as disordered as 6b. This is confirmed by the orientation histograms 9f
and 9i that show a variance larger than histogram 9c and quite close to histograms 9c, 9e and 9h.

These artefacts seem due to the fact that the algorithm fails in imposing very long range correlations such as
those observed in figure 1f. Indeed, the algorithm proposed by Portilla and Simoncelli,2 though being multi-scale,
can only impose a limited number of autocorrelation coefficients. This number is of course related to the size of
the input and output textures. As a consequence, very long range autocorrelations cannot be imposed, which
yields such oscillations. An easy way to solve this problem would be to synthesize larger textures. However,
the current implementation of the algorithm using Matlab does not allow the synthesis of bigger textures. The
future transcription and optimization of the code should solve this problem.
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Figure 8. Orientations of textures 7a-7i. Orientations were computed using a structure tensor16 of size 7 × 7. They are
represented as colours. The colour bar k gives the correspondence between colours and orientations.

4. CONCLUSION

In this paper, we proposed a novel approach for the synthesis of a solid i.e. 3D texture from a single 2D sample.
This approach splits into three main steps: (i) the computation of 2D reference statistics by analysis of the
exemplar texture, (ii) the inference from 2D reference statistics to 3D target statistics and (iii) the synthesis of
3D image data that match the target statistics. The method was applied to three HRTEM samples of dense
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Figure 9. Orientation histograms computed from the orientation fields in figures 8a-8i

pre-graphitic carbons with increasing structural order. The analysis was performed on band-pass filtered versions
of these three samples. The quality of the results is highly encouraging. Apart from high frequency artefacts,
the produced solid textures exhibit both statistical properties (anisotropy, contrast, etc.) and structural features
(pattern lengths and disorientations) similar to those observed in the original samples. Future work will concern
the quantitative comparison between synthetic data slices and reference HRTEM samples. In addition, the
computational complexity, in particular memory requirements, will also have to be investigated in order to
increase the size of the synthetized samples. Finally non parametric sampling approaches, will also have to be
considered.
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